This paper is concerned with the problem of existence of a solution for the multi-point boundary value problem, 
INTRODUCTION w x n n n
Let f : 0, 1 = R = R ª R be a continuous function, and let g i Ž .
Ž . 0, ϱ , g 0, 1 , i s 1, . . . , k, with 0 --иии --1, be given. has only zero solution, and the differential operator, with boundary conditions taken into account, is invertible. In this case many results have been Ž w x . obtained cf. 8 Ž . authors cf. 3, 4, 6 have proved the existence of solutions of 1 , assuming that nonlinearity f is sublinear with respect to the second and third variables. We relax this assumptionᎏf has only square growth with Ž respect to the third variable. In the case where k s 1 and n s 1 three-. point boundary value problem, scalar case the existence of a solution w x could be obtained from 18 , where an upper and lower solution technique Ž . has been applied, since our sign condition implies that functions x t s y Ž .
Ž . ya t and x t s a t are respectively lower and upper solutions of 1 . It 0 q 0 w x is known 8, 13 that the existence of solutions to the multi-point problem Ž . 1 can be studied via the existence of a solution for some three-point boundary value problem, provided that all are either nonnegative or i nonpositive. We consider the general case, where k, n can be arbitrary, positive integers.
A similar kind of equations but with Neumann condition at 0 has been w x considered in 2, 3, 9, 14 . Moreover, the existence of positive solutions has w x been established in 1, 19 under some additional assumptions.
SCALAR CASE w x
1 w x Let Y, X denote Banach spaces Y s C 0, 1 , X s C 0, 1 , with the 5 5 < Ž .< 5 5 5 5 5 5 norms x s sup x t , x s x q xЈ , respectively. We will de-
. note the ball of radius a ) 0 and center x in a given space by B x, a . 
Ž . is defined and does not¨anish, then Eq. 4 has a solution in ⍀.
To apply the Mawhin continuation theorem we have to show that the Ž . topological degree of the operator QN N ker L on the set B 0, a l ker L for a large enough is not zero and that the solutions of the problem
5 5 Ž x are a priori bounded in the и norm independently of g 0, 1 .
THEOREM 1. Suppose that there exist such continuous functions c, d:
w x for any t g 0, 1 , x, y g R, and there exists a positi¨e number a such that
2 w x 1 has at least one solution in C 0, 1
Ž .
Proof. Suppose first that the inequality 7 is strong.
Ž . First we will prove that solutions of the problems 5 are a priori < Ž .< w x bounded; more precisely, x t F a for t g 0, 1 . Let us suppose that, on 0 Ž . the contrary, there exists a solution x of 5 for some ) 0 such that
In the first case we have
x can be satisfied only if x s x 1 for all i. But then by 8 , . strong inequality .
In the second case the function z must vanish at the ends of some Ž . a G a , x t rt G a , and
Ž . The calculations for intervals where xЈ -0 are very similar. Therefore, Ž . we obtain an a priori bound for the norm of all solutions to 5 , Ž . from the assumption 7 and from 3 we get that r a is positive and Ž . r ya is negative.
Therefore, due to the Mawhin continuation theorem, we get a solution Ž . to 1 .
Ž . Now, we pass to the general case of 7 . Consider a problem Ž .
x 0 s 0,
Ž . for any n g N. Since the function on the left-hand side of Eq. 9 satisfies Ž . the strong inequality 7 and the remaining assumptions of the theorem for Ž . Ž . any n g N, we have a sequence of solutions x to 9 . From the proof of n the first case, one gets that functions x and x X are equibounded, and n n Ž .
Y hence, by the differential equation 9 , x are equibounded as well. Thus n 1 w x the family x , n g N, is relatively compact in C 0, 1 , and the limit of a n Ž . convergent subsequence is a solution of the boundary value problem 1 Ž . w x The assumption 6 is obviously weaker than this from 3, 4, 6 since we allow quadratic growth of f w.r.t the derivative and no growth condition is Ž . imposed with respect to the function. Also the assumption 7 is weaker if w x compared with the same, though it cannot be inverted as in 1 .
In the subsequent examples the assumptions of our theorem are satisw x fied, but not those from 3, 4, 6 . 
yª"ϱ Ž .
Ž . < < Then 1 has a solution due to Theorem 1. Taking, for instance, h y s y y Ž . in both examples , we have the nonlinearity with superlinear growth, w x which cannot satisfy conditions from 3, 4, 6 .
MULTI-DIMENSIONAL CASE
Now we shall consider the multi-dimensional case that is the boundary Ž . w x n value problem of the same form as in 1 , but when x: 0, 1 ª R and w x 2 n n f : 0, 1 = R ª R . The resonance is not simpleᎏdim ker L s n ) 1ᎏwhich causes some new difficulties. We get an existence result similar to that for the one-dimensional case but with slightly modified assumptions compared with those from Theorem 1. applying the arguments from the proof of Theorem 1, we get a contradic-Ž . 5 5 tion. Similarly, x t G ya . Thus x F na .
To estimate the derivative xЈ of a solution 5 , we
Ž . use the induction w.r.t. i. For i s 1, one has condition 11 identical to 7 , and the proof of Theorem 1 leads to an estimate. If we find obvious that the linear homotopy with the identity mapping has no zero on the boundary; hence the calculated degree is 1.
Ž .
Remark. We expect that 10 can be weakened to the more convenient form, 
